ON PSEUDOCYCLIC ASSOCIATION SCHEMES 



MIKHAIL MUZYCHUK AND ILYA PONOMARENKO 

Abstract. The notion of pseudocyclic association scheme is generalized to 
the non-commutative case. It is proved that any pseudocyclic scheme the rank 
of which is much more than the valency is the scheme of a Probenius group and 
is uniquely determined up to isomorphism by its intersection number array. An 
immediate corollary of this result is that any scheme of prime degree, valency 
k and rank at least fc* is schurian. 



1. Introduction 

A commutative association scheme is called pseudocyclic if the multiplicity of its 
non-principal irreducible character does not depend on the choice of the character [S] 
(for a background on theory of association schemes and coherent configurations we 
refer to [THI and Section [5]). It can be proved that such a scheme is equivalenced, 
i.e. the valencies of its non-reflexive basis relations are pairwise equal. A classical 
example of a commutative pseudocyclic scheme is a cyclotomic scheme over a finite 
field; two other series of such schemes were constructed in [20]. A motivation to 
study pseudocyclic schemes is that any of them produces special 2-designs. 

In this paper we define an association scheme (not necessary commutative) to 
be pseudocyclic if the ratio of the multiplicity and degree of its non-principal ir- 
reducible character does not depend on the choice of the character. Clearly, in 
the commutative case both definitions give the same concept. To formulate one of 
the main results of this paper (which, in particular, shows that non-commutative 
pseudocyclic schemes do exist) we make two remarks. First, as in the commutative 
case we can prove (Theorem 12. 2|) that any pseudocyclic scheme is equivalenced; 
the valency of its non-reflexive basis relation is called the valency of the scheme. 
Secondly, under a Frobenius scheme we mean the scheme of a Frobenius group (in 
its standard permutation representation in which the one point stabilizer coincides 
with the Frobenius complement). Our first result is an immediate consequence of 
Theorems [O and [Ql 

Theorem 1.1. Any Frobenius scheme is pseudocyclic. Conversely, there exists a 
function f{k) such that any pseudocyclic scheme of valency k > 1 and rank at least 
f{k) is a Frobenius scheme. ■ 

The rough upper bound on the function f{k) obtained in the proof is O(fc^). On 
the other hand, the scheme of a non-Desarguesian afhne plane of order q is non- 
schurian (see Subsection 13. 5|1 . and hence can not be a Frobenius scheme. Besides, 
it is pseudocyclic of valency <? — 1 and rank q + 2. Thus f(k) > k + 3. 

The proof of the second part of Theorem 11.11 is based on Theorem 14.41 giving 
together with Theorem 16. II a sufficient condition for an equivalenced scheme to be 
schurian. 
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The celebrated Hanaki-Uno theorem states that any scheme of prime degree is 
pseudocycUc [19] . Therefore as an immediate consequence of Theorem 11.11 we have 
the following result. 

Corollary 1.2. Any scheme of prime degree, valency k and rank at least f(k) is 



One of the most important problems in association scheme theory is to deter- 
mine a scheme up to isomorphism by means of the intersection number array. For 
example, the intersection number array of the scheme of a distance-regular graph 
is uniquely determined by the parameters of the graph. Therefore the most part of 
characterizations of the classical distance-regular graphs given in [5] are in fact the 
characterizations of their schemes in the above sense (we refer to [15j for a survey 
of relevant results) . In this paper we prove the following theorem. 

Theorem 1.3. Any Frobenius scheme of valency k and rank at least f{k) is deter- 
mined up to isomorphism by its intersection number array. 

All undefined terms and results concerning permutation groups can be found in 
monographs [27] . To make the paper as self-contained as possible we cite the 
background on association schemes [55] and coherent configurations [TS] in Sec- 
tion [5] Section [5] contains the definition of a pseudocyclic scheme, several useful 
results on these schemes and the proof of the first part of Theorem 11.11 (Theo- 
rem [2T]). In Section [3] we give a brief exposition of known families of pseudocyclic 
schemes. In Sections |4] and [5] under a special assumption we explicitly find a one 
point extension of a pseudocyclic scheme and a one point extension of any algebraic 
isomorphism from it to another scheme fTheorems l4.4l and l5.2p . Based on these re- 
sults we prove our main theorems in Section [6] Section [7] includes some concluding 
remarks and special results concerning pseudocyclic schemes. 

Notation. Throughout the paper Vl denotes a finite set. Set lo = {(a, a) : a £ 
Vl} and la = l{c(} for all a G f2. For a relation r C 51 x f2 we set r* = {(/3, a) : 
(a, (3) e r} and ar = {/3 G : (a, /3) e r} for all a G fi. The adjacency matrix of r 
is denoted by A{r). For s C x 17 we set r • s = {(a, 7) : [a, (3) G r, (/3, 7) G s for 
some (3 G il}. If S and T are sets of relations, we set S ■ T — {s ■ t : s G 5*, t G T}. 
For a permutation group G < Sym(il) we denote by Orb(G) — Orb(G, il) the set 
of G-orbits. 



A scheme (fi, S) is called pseudocyclic if the number nip/up does not depend on 
the choice of the central primitive idempotcnt P G "P^ (see Subsection 18. 9p . In the 
commutative case Up = 1 for all P G P, and our definition is compatible with that 
from [5J . Any regular scheme (not necessarily commutative) is pseudocyclic because 
in this case mp — Up for all P. More elaborated example of a non-commutative 
pseudocyclic scheme arises from a Frobenius group with non-abelian kernel. In 
what follows we use the family of such groups given in ^26j pp. 187-189]. 

Example. Let g be a prime power and n > 1 an odd integer. Set if to be a 
subgroup of GL(3, q") that consists of all matrices of the form 



schurian. 



2. Pseudocyclic schemes 
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Then the mapping cr : A(a, b) A{ca, c^^'^b) is a fixed point free automorphism of 
H whenever the multipHcative order of c equals (g" — l)/{q—l). So the semidirect 
product G = HK where K = (cr), is a Frobenius group with non-abehan kernel 
H and complement K. The natural action of G on iJ produces an equivalenced 
scheme of degree \H\ — g^", rank — q^'- + q and valency (q" — l)/{q — I). A 
straightforward calculation for {q,n) = (2,3) shows that the adjacency algebra of 
the corresponding scheme has exactly four irreducible characters the multiplicities 
and degrees of which are as follows: 

(mi,ni) = (1,1), (to2,"2) = (7,1), (m3,n3) = (7714,714) = (14,2). 

In particular, the scheme is not commutative but is pseudocyclic because mp/up = 
7 for all P G P"^. In fact, this example is a special case of the following theorem. 

Theorem 2.1. Any Frobenius scheme is pseudocyclic. Moreover, it is commutative 
if and only if the kernel of the associated Frobenius group is abelian. 

Proof. Let {fl, S) be a Frobenius scheme, G < Sym(rj) the corresponding Frobenius 
group and the mapping 

TT : CG Matn(C) 

is induced by the permutation representation of G (in particular, iT{g) is the per- 
mutation matrix of a permutation g G G). It is a well-known fact that a semisimple 
subalgebra of Matn(C) coincides with the centralizer of its centralizer (in Matn(C)) 
[HI p. 178]. Since the algebra 7r(CG) is semisimple and its centralizer in Matf2(C) 
equals CS, the centralizer of C^* in Mato(C) coincides with 7r(CG). Therefore these 
two algebras have the same centre 

(1) Z(7r(CG)) = Z(C5) =C5n7r(CG), 

and hence the same set of central primitive idempotents, say P. Moreover, one 
can see that Hp = m^p and 771 j, — Xp(1) for all P G P where xp is the irreducible 
character of G corresponding to the central primitive idempotent P. Since G is a 
Frobenius group, by Theorem 18 .41 this implies that 

mp/up ^ m^p/Xpil) ^ \K\, PeP*, 

where K is the complement of G. Thus {il, S) is a pseudocyclic scheme. 

To prove the second statement we find the dimension of the left-hand side of ^ . 
First, we note that the algebra Z{CG) is spanned by the elements G+ = X^ggc^ 
where G runs through the set of conjugacy classes of G. Moreover, if A denotes the 
kernel of G, then 

GnA = ^ 7r(G+) eCJn. 

(Indeed, G contains a~^ca = a^^a^c for all a e A and c e G. On the other hand, 
since c ^ A, the mapping a 1-^ a^^a^, a G A, is a bijection. Thus CA = C. Taking 
into account that 7r(A+) — Jn, we conclude that n{C~^) is a scalar multiple of Jn-) 
This implies that 

(2) dim(7r(Z(CG))) = | ClaG(A)| 

where GlaciA) is the set of conjugacy classes of G contained in A. Indeed, 7i'(G+) 
is a {0, 1} matrix. Since the sum of these matrices with G G ClaG(^) equals Jn, 
they are linearly independent and form a basis of tt{Z{CG)). 



4 



MIKHAIL MUZYCHUK AND ILYA PONOMARENKO 



Next, the group K acts semiregularly on the set of non-trivial conjugacy classes 
of A. So any set C S ClaG(^) other than {1} is a disjoint union of exactly k —\K\ 
of these classes. This shows that 

(3) |ClaG(A)| = l + (|Cla(A)| -l)/fc 

where Cla( A) is the set of conjugacy classes oi A. To complete the proof we note that 
from ^ it follows that the scheme S is commutative if and only if €-S — tt{Z{<CG)), 
or equivalently if 

1 + {\A\ - l)/k = IS"! = dim(C5) = dim(Z(C5)) = dim(7r(Z(CG))). 

By ([2]) and ([3]) this is true if and only if |Cla(A)| = \A\, i.e. the group A is 
commutative. ■ 

We would like to have a characterization of a pseudocyclic scheme in terms of 
its intersection number array. For commutative case it was done in [51 Proposi- 
tion 2.2.7]. 

Theorem 2.2. The following two statements are equivalent: 

(1) (ri, S) is a pseudocyclic scheme with mp/np = k for all P G V"^ , 

(2) (ri, S) is an equivalenced scheme of valency k with c{r) = k — I for all 
r e S*. 

Moreover, any pseudocyclic scheme with pairwise equal non-principal dimensions 
of irreducible representations is commutative. 

Proof. Set n — and r — \S\. We will use the following identity proved in 
Proposition 3.4 and Lemma 3.8(i) of [I]: 

(4) $:^A(.)=n5:^P. 

ses Pev 

where reg(s*) = J2tes '^I't- Suppose that mp/np = k for all P E T'*. Then taking 
into account that / = J/n + X]pe-p# P where / is the identity matrix, from ([4]) we 
obtain 

sGS 

By comparison of the diagonal and non-diagonal entries of the matrices in both 
sides of this equality we conclude (after rearrangements) that 

6 k= -, reg(s = ; , seS^. 

r — 1 k 

Thus reg(s) — ns{n — r)/{n — 1) for each s £ S**. Denote by / be the great 
common divisor of ris, s G S"^ . Since / = X^ses* ^'^^ some Xg € Z, we obtain 
f{n — r)/{n — 1) = J^ses* reg(s) G Z. Therefore (r — 1)/ > n — 1, and hence 

n-l= ^ 71s > ^ / = (r - 1)/ > n - 1. 

ses* ses* 

This implies that Ug = f = (n — l)/(7' — 1) for all s G 5*. Due to © this means 
that (ri, S) is an equivalenced scheme of valency k with c(r) = reg(r) = fc — 1 for 
ah r G S*. 

Assume now that (fi, S) is an equivalenced scheme of valency k with c(r) — k — 1 
for all r G S'^. Then reg(s) — c(r) for all r. So the left side of (|1]) is a linear 
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combination of the matrices / and J. After multiplying both sides of that equality 
by P e we see that mp/np = k. Thus the scheme (fi, S) is pseudocyclic with 
nip/np — k for all P G "P^. 

Let now 5) be a pseudocyclic scheme such that np does not depend on 
P € P^. Denote this number by a. Then by the first part of the proof the scheme 
is equivalenced of valency k where ka = mp for each P G P*. So from (pij) it 
follows that |P^|a^ — r ~ 1 ^ {n — l)/k. Therefore a is coprime to n. Taking into 
account that Ug — k for all s G 5**, the Frame number of the scheme (O, S) can be 
computed as follows 

rises '•^^ ^ n'-k'--'^ ^ 

Since this number is an integer and r > 1, we conclude that a = 1. Thus np = 1 
for all P and the scheme is commutative. ■ 

There is a lot of equivalenced schemes (f2, S) for which the group of algebraic 
isomorphisms acts transitively on S'^ . These schemes were first studied by Ikuta, 
Ito and Munemasa [21], and include the cyclotomic schemes over finite fields and 
the schemes of affine planes (see Section ^ . The following statement shows that 
all of them are pseudocyclic. 

Corollary 2.3. Let (17, S) he an equivalenced scheme. Suppose that a group of 
its algebraic isomorphisms acts transitively on S"^ . Then (0,5") is a pseudocyclic 
scheme. 

Proof. From the hypothesis it follows that the number c(s) does not depend on 
s G S"^ . So by Lemma [8.2l this number equals fc — 1 and we are done by Theorem l2.2l 
■ 

Sometimes one can construct a new pseudocyclic scheme by means of an appro- 
priate algebraic fusion defined as follows. Let G be a group of algebraic isomor- 
phisms of a coherent configuration {Q, S). Set 

where s*^ is the union of the relations s^ , g G. It is easily seen that the pair 
{il, S^) is a coherent configuration. Moreover, if the group G is half-transitive on 
S'^ and the coherent configuration (ft, S) is equivalenced, then (f2, 5*^) is an equiv- 
alenced scheme. An analog of this statement holds for commutative pseudocyclic 
schemes Q 

Theorem 2.4. Let (fl, S) be a commutative pseudocyclic scheme of valency k and 
G a group of algebraic isomorphisms of it. Suppose that G acts semiregularly on 
S"^. Then {VL^S'^) is a commutative pseudocyclic scheme of valency km where 
m=\G\. 

Proof. We observe that (fi, S^) being a fusion of a commutative scheme is also 
commutative. Since it is equivalenced of valency km (see above), we have 

(7) |pG|^|5G|^i^(|5|_l)/^ 

where V'^ is the set of central primitive idempotents of the algebra CS'~^ . On the 
other hand, the group G naturally acts as an automorphism group of the algebra 



Using Theorem 12.41 enables us to reduce substantially the proofs in | 20l Section 3]. 
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CS. Therefore the set V of its central primitive idempotents is G- invariant. For 
P E V denote by the sum of aU Q G "P belonging to the G-orbit containing P. 
Then obviously the set V' = {P'~^ : P G V} consists of pairwise orthogonal central 
idempotents of the algebra C^**-^. This implies that 

(8) \r'\ < \p'^\. 

Finally, any G-orbit in V is of cardinality at most m. Since Pq leaved fixed under 
G and \P\ = \S\, this implies that 

\V'\ > 1 + (I'PI - l)/m = 1 + (|5| - l)/m 

and the equality holds exactly when any G-orbit in is of size m. Together 
with dZl) and (0) this shows that \r^\ = \r'\. Therefore TOpG = mmp — mk and 
UpG — 1 for all P E . Thus the scheme {ft, S'~^) is pseudocyclic. ■ 

A schurian equivalenced non-regular scheme is nothing but the scheme of 3/2- 
transitive group. In general, the latter is not a Frobenius group. However, the 
following statement holds. 

Theorem 2.5. A schurian pseudocyclic scheme of valency k > 1 and rank greater 
than 2(fc— 1) is a Frobenius scheme the automorphism group of which is a Frobenius 
group. 

Proof. Let (f), S) be a schurian pseudocyclic scheme of valency > 1 and G = 
Aut(ri, S). Then the set Fix(g) of points left fixed by a nonidentity permutation 
g E G does not coincide with SI. So there exists a E ^ such that ^ a. Since 
r{a,(3) — r{a^ , f3) for all f3 E Fix(g), Theorem 12.21 implies that 

|Fix(g)| <\{l3En: r(a, /3) = r(a^ - c(.s) = fc - 1 

where s = r{a,a3). Thus the permutation character of G takes the value in the 
set {0, . . . , k ~ 1} on all nonidentity elements. Therefore by [7^, Prop.l] a point 
stabilizer Gq has at most 2{k — 1) — 1 non-regular orbits. If \S\ > 2{k — 1), then 
at least one orbit of Gq is regular. This implies that so are all non-trivial orbits. 
Thus G is a Frobenius group. ■ 



3. Known examples of pseudocyclic schemes 

3.1. Schemes of rank 3. Any pseudocyclic scheme of rank 3 arises from either a 
conference matrix (symmetric case) or from a skew Hadamard matrix (antisymmet- 
ric case) [5j 124) . In any case the intersection number array is uniquely determined 
by the degree of the scheme. In particular, two such schemes are algebraically iso- 
morphic if and only if they have the same degree. Since there is an infinite number 
of n for which there are at least two non-equivalent conference matrices or non- 
equivalent skew Hadamard matrices of order n, in general pseudocyclic schemes of 
rank 3 are not separable. Similarly, one can see that most of them are non-schurian. 
For instance, it follows from [4j that an antisymmetric pseudocyclic scheme of rank 3 
is schurian if and only if it is a scheme of a Paley tournament. Moreover, in |161 
p. 75] one can find an infinite family of non-schurian pseudocyclic schemes of rank 3 
satisfying the 4-condition. 
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3.2. The Hollman schemes [5] p. 390]. Let g > 4 be a power of 2. Denote 
by H. the set of cyclic groups of order q + 1 in the group PSL{2,q). The latter 
acts transitively on Q by conjugation and hence produces the scheme of degree 
(q^ — q)/2. One can prove that this scheme is symmetric and pseudocyclic of valency 
q+1. Some algebraic fusions of the Hollman scheme that are also pseudocyclic were 
studied in [20] . 

3.3. The Passman schemes [5S]. Let q be an odd prime power and G the group 
consisting the transformations 

.:-.)(:) © ^ ( (:) - C) 

where a,b,c G GF(g), and a ^ 0. Then G is a 3/2-transitive group acting on 
a 2-dimensional space over GF{q). The scheme of this group is equivalenced of 
degree q^ and valency 2{q — l). In fact, the Passman scheme is the algebraic fusion 
of the Frobenius scheme of valency g — 1 corresponding to the subgroup of G of 
order {q — l)q^ consisting of the first family of permutations from ([9]). Thus by 
Theorems 12.11 and 12 .41 the Passman scheme is pseudocyclic. 

3.4. Cyclotomic schemes. Let i? be a finite local commutative ring with identity. 
Then its multiplicative group i?^ is the direct product of the Teichmiiller group 
T and the group of principal units [23j . The Teichmiiller group is isomorphic to 
the multiplicative group of the residue field of R, and acts as a fixed point free 
automorphism group of the additive group i?^ of R. Therefore for a given K <T , 
the scheme Cyc{K, R) of the group 

X is a Frobenius scheme and hence pseudocyclic by Theorem 12. II This 

example is a special case of a cyclotomic scheme over a finite commutative ring [15j . 
In almost the same way one can construct a class of pseudocyclic schemes where 
the ground ring R is replaced by a near-field [3^ , or even a near- ring. 

3.5. Affine schemes. Let f2 be a point set of a finite affine space A (see [6j). De- 
note by S the partition of 17x17 containing 1^ and such that two pairs (a, (3), (a', /?') € 

X ri, a ^ a' 7^ /?', belong to the same class if and only if the lines q;/3 and 
a' [3' are equal or parallel. Then the pair (17, S) is a symmetric scheme and nonzero 
intersection numbers c*^ with In ^ {r, s] are as follows: 

{g - 1, r ^ s, t^ln, 
9-2, r = s = i, 
1, r ^ s, t ^ rs, 

where q is the size of a line in A (called the order of A). It follows that it is 
a pseudocyclic scheme of valency 9 — 1. Each relation of an affine scheme is an 
involution in a sense of [28j . It was shown in |10j that a scheme whose relations are 
involutions is an affine scheme. Thus there is one-to-one correspondence between 
affine schemes and affine spaces. It is straightforward to prove that the schemes 
of affine spaces are isomorphic (resp. algebraically isomorphic) if and only if the 
affine spaces are isomorphic (resp. have the same order). 

Theorem 3.1. The scheme of a finite affine space A is schurian if and only if A 
is Desarguesian. 
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Proof. By the Veblen- Young theorem (cf. [6]) a finite affine space A is either a 
non-Desarguesian affine plane, or the n-dimensional affine geometry AG{n,q) over 
GF((7). fn the latter case the scheme of A coincides with the scheme of the group 

TC < AGL(n, q) 

where T is the translation group and C is the centre of GL(n, q). This proves the 
sufficiency part of the theorem. To prove the necessity assume that the scheme 
of A is schurian. Then it satisfies the 4-condition and the required statement 
immediately follows from the lemma below. 

Lemma 3.2. Suppose that the scheme of an affine space A satisfies the A-condition. 
Then A is Desarguesian. 

Proof. Let {fl, S) be the scheme of A. It suffices to verify that given seven distinct 
points a, a' , (3, (3' , 7, 7' and (5, such that aa' , (3(3' , and 77' are distinct lines through 
5 and 0:7 is parallel to a'7' and (3^ is parallel to /3'7', then a/3 is parallel to a' (3' 
(see Fig [T]). However, since 5^ = Sj', we have r((5, 7) = r((5, 7'). Due to the 




Figure 1. 



4-condition there exist points a", (3" such that the 4-sets A = {(5, 7, a,/?} and 
A' — {J, 7', a", /?"} have the same type with respect to the pairs ((5,7) and (5, 7') 
respectively. So r(a, S) = r{a" , S) and r{(3, 5) = r(/3", S). This implies that 

(11) a" eaS = a'6, /3" e (3S = I3'6. 

On the other hand, r{a,j) = r{a",-f') and r{[3,^) = r{[3" ,^'). Therefore 017 is 
parallel to a"^' , and (3^ is parallel to (3"^' . Thus from (jlip we conclude that 
a" = a' and f3" — (3' . Since also r{a,[3) — r{a" ,(3"), the fine a/3 is parallel to 
a" f3" — a' (3', and we are done. ■ 

3.6. Amorphic schemes. A scheme {ft, S) is called amorphic [17] if any its fu- 
sion is a scheme. It was shown in [T7] that all basis graphs of an amorphic scheme 
of rank at least four are strongly regular either of Latin square type or of nega- 
tive Latin square type. If an amorphic scheme is equivalenced, then its group of 
algebraic automorphisms is Sym(5"*). This implies (Corollary 12. 3p that {fl,S) is 
pseudocyclic. A scheme of an affine plane of order q is an amorphic {q — l)-valenced 
scheme of rank q + 2. This yields us the following statement. 
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Theorem 3.3. Let q be the order of an ajfine plane. Then given a divisor m of 
q + I and a partition of {1, . . . ,q + 1} in m classes of cardinality {q + l)/ni, there 
exists an amorphic pseudocyclic scheme of degree q^ , valency {q^ — l)/m and rank 
m + l. m 

4. One point extension of an equivalenced scheme. 

4.1. Splitting sets. Let (57, S) be an equivalenced scheme of valency k. For each 
(possibly equal) basis relations u, w G S"^ we define the splitting set of them as 
follows: 

(12) D{u,v) ^ {w e S* : (uu* vv*)n WW* {In}}- 

It is easily seen that D{u, v) = D{v, u) and uu* fl ww* = vv* fl ww* — {In} for all 
w £ D{u,v). Therefore from Lemma [531 it follows that 

(13) and c^.^ < 1 
for all s £ S. In particular, \u*w\ = \w*v\ = k. 

Theorem 4.1. Given w £ D{u,v) the following statements hold: 

(1) \u*v\=k <^ ueD{v,w) ^ v e D{w,u), 

(2) \ab n u*v\ = 1 for all a G u*w and b G w*v. 

Proof. To prove statement (1) suppose that \u*v\ ~ k. Then c^,„ < 1 for all t € S. 
So from Lemma [8.31 it follows that uu* f) vv* — {In}- On the other hand, given a 
relation s G {vv* ww*) Huu* one can find points a, f3 £ to have the configuration 
at Fig. [2] So r(a,/9) G {uu* vv*) n ww* = {In} whence it follows that a = (3. 




Figure 2. 



Therefore s G vv* Huu* = {In}. Thus s = In, and hence u G D{v,w). Conversely, 
if M G D{v,w), then {vv* ww*) n uu* — {lo}- So vv* uu* = {In}, and hence 
\u*v\ = fc by Lemma 18.31 This completes the proof of the first equivalence in 
statement (1). The second equivalence immediately follows from the first one by 
interchanging u and v because D{u, v) = D{v, u). 

To prove statement (2) let a G u*w and b G w*v. Then w £ ua D vb*. This 
implies that |uanw6*| > 1, and hence |a6nu*ti| > 1. Thus it suffices to verify that 
|a5 n < 1. To do this wc need the following auxiliary statement. 

Lemma 4.2. Given a relation s £ ab H u*v and points a,(3,j £ such that 
r{a, P) — s, r{a, ^) — a and r(7, (3) = b there exists a unique point 6 £ for which 
r{S, a) = u, r{6, (3) = v and r{5, j) — w (see Fig. \^ 
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Figure 4. 



Proof. Since a G u*w and b e w*v, there exist points A, /i, v such that r(A, a) — u, 
r(A, /3) = V, r{ii, a) = u, r(fj,, — w and r{iy, 7) — w, r{v, (3) — v (see Fig. 2]). Now 
r[^,v) S {uu* vv*) r\ WW* = {lo}. Thus ^ — v. Denote this point by 5. Then 
for 5 the statement of the lemma holds. To prove the uniqueness we note if 5i 
and 82 are two points forming Fig. [31 then the relation r((5i, 82) belongs to the set 
WW* n uu* n vv* = {Ifz}, and hence 5i = 82- ■ 

To complete the proof of Theorem 14.11 suppose that ab n u*v D {si,S2} with 
si ^ 32- Then there exist points a,7,/9i,/?2 G f^, such that (3i ^ P2, ^'(0^,7) — a 
and r(7,/3i) = 6, r(Q;, = for i = 1,2. By Lemma 14.21 with s = Si one can find 
a point (5i for which r{6i,a) = u, r{5i,l3) = v and r'((5i,7) = 'W' (see Fig. [5]). Since 




Figure 5. 



the relation r[5i, 82) belongs to the set ww* C\uu* — {lo}, we have 81 = 82. Denote 
this point by 8. Then r{8,f3i) = v. Since r{j3i,^) — b* , r{8,j) — w and /3i ^ /?2, 
this implies that cj^^* > 2. So by equivalencity {X, ft) and ((33|) we conclude that 
Cw*v > 2 which contradicts to (jl3p . ■ 



ON PSEUDOCYCLIC ASSOCIATION SCHEMES 



11 



4.2. A one point extension. By means of splitting sets we are going to find 
explicitly the ao-extension of the scheme (fi, S) for any point ao G To do this 
for any relations u,v S set 

(14) S{u, v) — Sao (""j '^) = {s n {aou x aov) : s € u*v}. 

It is easily seen that the union of relations from S{u,v) coincides with the set 
aou X aov. Suppose that w G D{u,v). Then from statement (2) of Theorem 14. II it 
follows that 

(15) S{u,v) C S{u,v;w)'^ 

where S{u,v;w) — Sao{u,v;w) — S{u,w) ■ S{w,v). Suppose, in addition, that 
\u*v\ = k. Then any relation in S(u^v) is of cardinality k. Since the same is true 
for the relations in S{u, v; w), we conclude that 

(16) {weD{u,v) & \u*v\^ k) ^ S{u,v) ^ S{u,v;w). 

In particular, in this case the relations from S{u,v;w) form a partition of the set 
Oqu X aov. For arbitrary u and v we will prove the latter only under the following 
additional assumption: 

(17) Pi £1(0,6)7^0, w,w'eD{u,v). 

a^{u,v} 

In this case obviously D{u,v) ^ 0. 

Lemma 4.3. Let u,w e he such that |_?7| ) holds. Then the set S{u,v;w) forms 
a partition of the set aou x aov, and this partition does not depend on the choice 
of the relation w G D{u, v). 

Proof. Let w,w' e D{u,v). Then \u*w\ — \u*w'\ = = \v*w'\ = k. On the 

other hand, due to (fT7|) one can find a relation 

t e D{u, w) n D{u, w') n D{v, w) n d{v, w'). 

So from lfT6|) it follows that 

(18) S{x,y) = S{x,y;t) = S{x,t) ■ S{t,y), x G {u,v}, y G {w,w'}. 

Let a G S{u,t) and b G S{t,v). Since obviously b* G S{v,t) by p8| with {x,y) = 
(m, w) and {x, y) — {v, w) we obtain 

a • c G S'(u, ui), 5* • c G S'(f , w), cGS'(i, w). 

So the element a ■ b d S{u,v]w) has at least k different representations (one for 
each choice of c) of the form a ■ b = {a ■ c){c* ■ b) with c* ■ b G S{w,v). Since 
[^(u,?/;)! = |S'(w,f)| = k this implies that \S{u,v;w)\ = k. Thus S{u,v;w) is a 
partition of aou x aov and S{u,v;w) = S{u,v;t). Similarly, using equalities (fT8|) 
with (a;, y) = (u, w') and {x, y) = {v, w') one can prove that S{u, v; w') is a partition 
of oqu X aov and that S{u, v; w') — S{u, v; t). Thus 

S(u, v; w) — S{u, v; t) = S{u, v; w') 

and we are done. ■ 
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By Lemma 14.31 we can define a uniquely determined partition of the set x Qq 
where 51o = \ {ao}, as follows 

(19) ^0 = S'o(ao) = IJ Sao{u,v;w). 

It is easily seen that laou 6 5*0 for all u e S**. Therefore In^ S Sq. Besides, 
since obviously S{u,v;w)* — ^(WjM;^) for all u,v,w, the partition Sq is closed 
with respect to *. Finally, the condition ([27]) is satisfied for S = Sq. Therefore 
if (f^Oj'S'o) is a coherent configuration, then it is semiregular. We will prove the 
former under the following assumption: 

(20) D{u,v)nD{v,w)r\D{w,u)j^(D 
for all u,v,w G S"^ . Below we set 

'S'i(q;o) = {{ao} X ckQW : w € S"} U {agv x {ao} : v G S}. 

Theorem 4.4. Let (fl, S) be an equivalenced scheme satisfying conditions Jj?} ) 
and Ii20\) for all u, w G S"^ . Then 

Sao ^ So{ao)U Si{ao), ao G fi. 

In particular, the UQ-extension of (fl, S) is a semiregular coherent configuration on 
flo the fibers of which are aou, u £ S . 

Proof. It suffices to verify that (rio,<S'o) is a coherent configuration. Indeed, if it 
is so and S" = 5*0 (ao) U iS'i(ao), then obviously {n,S') is a semiregular coherent 
configuration the fibers of which are aou, u G S. Therefore due to (jlSp we have 
Iqq G S" and S C ("S")*^. By the minimality of the ao-extension this implies that 

(21) Sa„ c [sr- 

On the other hand, it is easily seen that the set S{u, v), and hence the set S{u, v; w) — 
S{u,w) ■ S{w,v) is contained in (S'ao)^ for all u,v,w G S. Therefore S' C (S'^^)^. 
Together with ^ this shows that (Sao)^ = {S')^ . Thus Sag = 5" and we are 
done. 

Let us prove that (Hq^Sq) is a coherent configuration. We observe that due 
to (fT7|) Lemma [4.31 implies that 5*0 is a partition of flo x ^lo. Thus it suffices to 
verify that if 6, c G 5*0 with 5 • c 7^ 0, then 6 • c G 6*0 (see the remarks after 
However, for such b and c we have 

b C aou X aov, c C aot; x uqw 

for appropriate u,v,w £ S'^ . By condition (|20p one can find 

t G D{u, v) n D{v, w) n D{w, u). 

Since b = ai ■ a2 for some ai G S{u,v]t) and 02 G S(v,w;t), this implies that 
|S'(w,i)| — \S{w,t)\ — k where k is the valency of (0,5"). So by statement (1) of 
Theorem 14. II we have w G D{v,t). Therefore G S{v,t;w) and hence there exists 
03 G S{t, w) such that c — a2 - as- Thus 

& • c = (oi • 02) • (a2 • 03) = • (a2 • 02) ■ 03 G S{u,w;t). 



This means that b ■ c £ Sq which completes the proof. 
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5. One point extension of an algebraic isomorphism 
We keep the notation of Section H) Let (51', S') be a scheme and let 

ip : {n,s) {n',s'), s ^ s' 

be an algebraic isomorphism. Then obviously (O', S') is an equivalenced scheme of 
valency fc, and 

weD{u,v) ^ w'eD{u',v'), u,veS*. 

Let us fix a point u'q e fl'. Take u,v e S. Since cj^„ = c'^,^, for all w E S, the 
mapping ip induces a bijection 

{u,v) Sa'^{u' ,v'), a^a' 

where a — s D {aQU x aov) and a' — s' r\ (ctgu' x ckgu'). Below we set S'(u',v') — 
Sa'g{u',v'). 

Lemma 5.1. Letu,vE S'^ be such that |_?7| ) holds. Then for any relations 'Wi,W2 G 
D{u, v) we have 

5i • ci = 62 • C2 =^ b[ ■ c\ =52-4 
for all hi G S{u, Wi) and Ci S S{wi,v), i — 1,2. 

Proof. Suppose that 61 • ci = 62 • C2 where bi G S{u, Wi) and Ci G S{wi,v), i = 1, 2. 
Then Im*^!! = |m*w;2| = |t'*wi| = |w*W2| = k. Besides, by pT| one can find a 
relation 

t e £»(?/, wi) n Diu, W2) n wi) n d{v, W2). 

So from (fT6|) it follows that 

(22) S{x,y;t) = S{x,t) ■ S{t,y), x e {u,v}, y e {wi,W2}. 

Take any oi £ S{u,t). By (|22|) we have c?i := aJ6i G S(t,wi) and (i2 a^^ • 62 G 
S(t,W2). Since wi G D{t,v), we also have 02 := di ■ ci G Sit,v). Thus 

ai ■ 02 = (ai ■ di) ■ {dl ■ 02) = 61 • ci = 62 ■ C2 = ai • c?2 • C2 
whence it follows that C2 = rf2 ' o.'^ (Figure [6]). By Theorem 14. II this implies that 




Figure 6. 



b[ ■ c[ ^ (ai • diY ■ {dl ■ 02)' = a[ ■ {d[ ■ {d[y) ■ a'2 = a[ ■ a'2 = 
(&2 • d*2)' ■ {d2 ■ C2)' = b'2 ■ (4 • {d*2)') ■ c'2 = b'2 ■ c'2 



and we are done. 
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Let US define a mapping ipo ■ Sq ~* Sq where Sq — S^^ and S'q — S'^t , as follows. 
Take s e S'q. Then s C aou x uqv for some u,v d S. Set 




s'^"'", if \u*v\ = fc or lo e {w, u}, 

s^"'™ • S2™'" , otherwise, 



where w G D{u,v) and si e S{u,w), S2 G S{w,v) are such that si • S2 = s. By 
Theorem 14.41 and Lemma |5. II the mapping ipQ is a correctly defined bijection. 

Theorem 5.2. Lei S) be an equivalenced scheme satisfying conditions |j7[ ) 
anii J^Op /or all u,v £ S'^ , and (p : {ft, S) — > (f2',S") an algebraic isomorphism. 
Then (po is the (uq, Uq)- extension of ip. 

Proof. We observe that relations ([29| hold by statement (2) of Theorem l4.1l There- 
fore it suffices to verify that 

(23) {b ■ cy° ^ b'P" ■ c'^" , b,ce Sq, b-c^9. 

To do this take such relations b and c. Then there exist u,v,w € S"^ such that 

b C uqu X uqv, c C uqv X aow. 

By condition (|20p one can find t G D{u,v) fl D{v,w) fl D{w,u). Since & G 5*0, 
there exist oi G S{u,t) and a2 G S(t,v) such that b = ai ■ a2- However, |S'(m, t)| = 
15(^,1!)! = k. Therefore bf« = of" • (if = k, then this follows from 

statement (2) of Theorem l4.H otherwise this immediately follows from the definition 
of (po)- On the other hand, we have \S{v,t)\ — \S{w,t)\ = k. Therefore G S{v,t) 
and there exists 03 G S{t, w) such that c = 03 • 03 (see Figure [71). As above one can 




Figure 7. 



that c"^" = {a*)^<> ■ a'^" and that (oi • a^)^" = (ai)'^" 



Thus 



(6 ■ cy = (ai • a2 • a; • 03)^" - ("i • as)'"" = {aiV" ■ a^" = 

{ai^" ■ • (a*)-^" • = (ai ■ as)'^" • (02 ' 03)'^" = • C^" 
which completes the proof. 



6. SCHURITY AND SEPARABILITY OF EQUIVALENCED SCHEMES 



6.1. Schurity. The conclusion of Theorem 14.41 gives a sufficient condition for a 
scheme to be schurian. 

Theorem 6.1. Let {^,S) be a scheme such that for each a G the coherent 
configuration (fl, Sa) is semiregular on fl \ {a\ and its fibers are as, s G S . Then 
(fl, S) is a regular or Frobenius scheme. 
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Proof. Let a £ il. Then by Theorem 18.11 the coherent configuration {fl, Sa) is 
schurian, and hence due to (|28|) any set as, s G S, is the orbit of the group Ga 
where G = Aut(ri, S). Since obviously Ga,i3 = idn for all a ^ /3, it suffices to verify 
that the group G is transitive. To do this we note that semiregularity of Ga on 
57 \ {a} implies that 

(24) k -.^ \Ga\ ^ \as\, aen,s€S*. 

Let A G Orb(G, f2). Since any orbit of G is a disjoint union of some orbits of the 
group Ga, the number |A| is divided by k if and only if a ^ A. However, this is 
impossible if A 7^ fi. Thus G is transitive. ■ 

Let {n, S) be the scheme of an affinc space A. Then from pU|) it follows that 
D{u, v) = S'^Xuv for all u,v £ S"^. Therefore conditions p?)) and (PO)) are satisfied 
whenever the dimension of A is at least 3. Thus in this case by Theorems 14.41 
and 16.11 the scheme (57, S) is schurian. Since the scheme is imprimitive, its auto- 
morphism group is a Frobenius group in its natural permutation representation. 
Using properties of Frobenius groups one can prove, without using Veblen- Young 
Theorem, that the scheme (ft, S) is an affine scheme of a Desarguesian affine space. 

6.2. Separability. Similarly to the previous subsection the conclusion of Theo- 
rem [521 gives a sufficient condition for a scheme to be separable. 

Theorem 6.2. In the condition of Theorem ] 6. 1\ the scheme (57,5') is separable. 

Proof. From Theorem 15.21 it follows that any algebraic isomorphism ip : (57, S) 
(57,5") has the (a, a')-extension 

^a,a' ■■ {n,Sa)^{n',S'a,) 

for all {a, a') e 57 x 57'. By Theorem 14.41 the coherent configuration {fl, Sa) is 
semiregular on 57 \ {a}, and hence is separable fThcorcm 18. ip . This implies that 
the algebraic isomorphism ipa,a' is induced by an isomorphism. Due to the right- 
hand side of ([29|l this shows that the same isomorphism induces the algebraic 
isomorphism ip. Thus any algebraic isomorphism of the scheme (57, S) is induced 
by an isomorphism and hence this scheme is separable. ■ 

6.3. Pseudocyclic schemes. Let (57, S) be an cquivalenced scheme of valency k 
and indistinguishing number c. 

Lemma 6.3. \D{u, v)\ < ck^ , u,v E 5^ where D{u, v) = 5^ \ D{u, v). 

Proof. Let u, w G 5*. Then it is easily seen that \uu* vv*\ < k^. Besides, given 
t G uu* vv* , t G S"^ , there exist at most c{t) — 1 < c relations w G S"^ such that 
t G WW* . Thus for at most ck^ relations w the set (uu* vv* ) n ww* contains an 
element t G 5^. This means that \D{u,v)\ < ck^. m 

Suppose that the scheme {^,S) is pseudocyclic. Then by Theorem 12.21 we have 
c = k — 1. If, in addition, \S\ > Ack^ , then by Lemma [6?3l conditions (fTTj) and ((20|) 
are satisfied for all u,v E S**. By Theorem 14.41 this implies that given a G 57 the 
a-extension of the scheme (57, S) is a semiregular coherent configuration on 57 \ {a} 
the fibers of which are au, u E S. So by Theorems 16.11 and 16.21 we obtain the 
following statement. 

Theorem 6.4. Any pseudocyclic scheme of valency k > I and rank at least 4(fc — 
l)k^ is a separable Frobenius scheme. m 
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7. Miscellaneous 



7.1. 2-designs. Any commutative pseudocyclic scheme of of valency k on n points 
produces a. 2 ~ {n, k, k — l)-design [SI Corollary 2.2.8]. The same is also true in 
the non-commutative case (Theorem 17. ip . It would be interesting to study these 
designs in detail. 

Theorem 7.1. A scheme {^,S) on n points is pseudocyclic of valency k if and 
only if the pair {il, B) with B — {as : a G i^, s G S''^} is a 2 — {n, k,k — l)-design. 

Proof. The pair {^,B) is an 2 — {n,k,k — l)-design if and only if \as\ = k for 
all a G ft and s G S"^ , and the number of blocks as € B containing two distinct 
points /3, 7 G coincides with k — 1. However, the number of these blocks is 
obviously equals c(s) where s = r{p,j). Thus the required statement follows from 
Theorem O ■ 

7.2. It was proved in ^12\ Lemma 5.13] that a one point extension of an imprimitive 
equivalenced scheme is "almost semiregular" . The following statement shows that 
the imprimitivity condition can be removed for pseudocyclic schemes the rank of 
which is much more than the valency. 

Theorem 7.2. Let (51, S*) be a pseudocyclic scheme of valency k. Suppose that 
\S\ > 2k{k — 1) + 2. Then given a G 51 the coherent configuration {^,Sa) is 
semiregular on Q. \ {a}. 

Proof. For a relation u G 5^ set E{u) — {v G S"^ : \u*v\ — fc}. Since by 
Theorem 12.21 the indistinguishing number c of the scheme (f2, S") is fc — 1, we have 



for all non-equal u, w G S'^ . Set Sq — {s G Sa '■ s C ilo ^ 51o} where JIq = 51 \ {a}. 
To complete the proof it suffices to verify that each so £ 5*0 is contained in some 
s G S'q for which |/3s| < 1 for all /3 G 51. However, it is easy to see that given 
So G So one can find u,v G such that 



Due to (|^ there exists w G E{u) n E{v). Since Sa{u, w), Sa{w, v) C S'q , we have 
Sa{u,v;w) C Sq. Thus sq C s for some s G Saiu,v;w). To complete the proof it 
suffices to note that \(3s\ < 1 for /3 G 51. ■ 

In the condition of Theorem 17.21 for any point /? G 51 \ {a} we have \f3s\ < 1 for 
all s G S'q. Therefore the scheme (51, Sq,) is 1-regular in the sense of [14]. Thus by 
Theorem 9.3 of this paper we obtain the following statement. 

Corollary 7.3. In the condition of Theorem \ 7.S\ any one point extension of the 
scheme (51, S) is schurian and separable. m 

We complete the subsection by making a remark that Corollary 17.31 together 
with [13l Theorem 4.6] shows that any pseudocyclic scheme of valency k and rank 
0{k^) is 2-schurian and 2-separable in the sense of [15] . 




66tiu*\{ls-2} 

By the theorem hypothesis this implies that 

(25) |£;(u) n£;(u)| > |S| - 2(fc- l)fc - 2 > 



So C an X av. 
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7.3. Afflne schemes. The following characterization of the affine schemes was 
known in commutative case (see |10l). 

Theorem 7.4. Let {fl, S) be a scheme with Ug > 3 for each s G S"^. Then it is the 
scheme of an affine space if and only if c\.g < 1 for all r, s, i G S* such that r ^ s* . 

Proof. The necessity follows from PH)) . To prove the sufficiency let s G S**. Then 
\ss*\ > 1 because rig > 1, and ss* n rr* ~ {1q} for aU r 7^ s fLemma [8?3| . Thus 

\s*\>\ U ^^*\{i^^}i= E k^*\{io}i>i5#i. 

ses* ses* 

This implies that there exists a bijection s 1— > s' from S"^ to itself such that ss* = 
{lo,s'}. In particular, the scheme {^l,S) is symmetric and cj/j, = — 1 > 2. 
Therefore s' — s for each s e S**. Thus each relation from S is an equivalence 
relation minus a diagonal. All such schemes were classified in where it was 
proved that each of them is the scheme of an affine space. ■ 

7.4. Ql-groups. A permutation group G < Sym(il) is called QI 8 if its permuta- 
tion module Qf2 is a direct sum of a one dimensional module and an irreducible one, 
say (Q)r2°. Notice that consists of all vectors with zero sum of coordinates. 

Let K be the splitting field of the group algebra Q[G]. Denote hy X a, full set 
of irreducible ii'-representations appearing in the decomposition of (Kft)'^. Then 
the Galois group of the extension K/Q acts transitively on X. This implies that 
the pair {n^,m^) does not depend on x ^ ^ where n-)^ and m^^ are respectively 
the degree and multiplicity of x- From this one can deduce that the scheme of the 
group G is pseudocyclic. Moreover, by the second part of Theorcm l2.2l this scheme 
is also commutative. 

7.5. The TerwilHger algebra of a pseudocyclic scheme. Let (il, S) be an 
arbitrary scheme and let Ta{n,S) be the Terwilliger algebra of it at point a G 11, 
i.e. the subalgebra of Mq{C) generated by CS and the set of matrices A{las), 
s G S". It immediately follows that 

where CS^ is the adjacency algebra of the scheme (fi, S^) (see Subsection 18. 6p . and 
that equality holds exactly when the algebra in the left-hand side is closed with 
respect to the Hadamard product. 

Let G = Aut{n,S). As it was observed in [55^ it is always true that Ta{fl,S) 
is always contained in the centralizer algebra CG^ of the one-point stabilizer Ga- 
However, even for cyclotomic schemes this inclusion can be strict. On the other 
hand, due to ([28]) we have 

CSo, c CG„. 

Thus from Thcorem l6.4l and the above two inclusions it follows that the Terwilliger 
algebra of the cyclotomic scheme of valency k and rank at least 4(A;— l)fc'^ is coherent 
and coincides with CGq. 

7.6. Equivalenced schemes with bounded indistinguishing number. The- 
orem |6]4] may be strengthened if we replace the condition of being pseudocyclic by 
bounding of an indistinguishing number of a scheme. Indeed, the argument used in 
the proof of Theorem 16.41 yields us that a fc-valenced scheme with indistinguishing 
number c of rank at least ck^ is a separable Frobenius scheme. 
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8. Schemes, coherent configurations and permutation groups 

8.1. Definitions. Let be a finite set and S a partition of Q x f2. Denote by 
the set of all unions of the elements of S. A pair {Q, S) is called a coherent 

configuration on if the following conditions are satisfied: 

(51) the diagonal Iq of x Q belongs to S"-', 

(52) S is closed with respect to *, 

(53) given r,s,t G S, the number c*^ = € fl : (a, /3) G r, (/3, 7) G s}\ does 
not depend on the choice of (a, 7) 6 t. 

The elements of f2, S, 5^ and the numbers (S3) are called the points, the basis 
relations, the relations and the intersection numbers of (0,5), respectively. The 
numbers |r2| and \S\ are called the degree and ronfc of it. The unique basis relation 
containing a pair {a, (3) € O x O is denoted by r{a,0). The set of basis relations 
contained in r • s with r,s £ is denoted by rs. 

8.2. Homogeneity. The set fl is the disjoint union of fibers of (n,S), i.e. those 
A C O for which 1a G S. For any basis relation s E S there exist uniquely 
determined fibers A,r such that s C A x F. Moreover, the number \6s\ does not 
depend on 5 e A and coincides with c*^. where t = 1a- We denote it by n^. The 
coherent configuration {Q, S) is called homogeneous or a scheme if O is a fiber of 
it. In this case 

Ug = ris* , s G S, 

and the number rig is called the valency of s. We say that (O, S) is an equivalenced 
scheme of valency k, when Ug = k for all s G where here and below we put 

S* = S\{ln}. 

8.3. Isomorphisms and schurity. Two coherent configurations are called iso- 
morphic if there exists a bijection between their point sets preserving the basis 

relations. Any such bijection is called an isomorphism of these coherent configura- 
tions. The group of all isomorphisms of a coherent configuration [Q., S) contains a 
normal subgroup 

Aut(0, 5) = {/ e Sym(Q) : = s, s & S) 

called the automorphism group of (f2, S). Conversely, let G < Sym(ri) be a permu- 
tation group and S the set of orbits of the componentwise action of G on x O. 
Then (O, S) is a coherent configuration and we call it the coherent configuration 
of G. This coherent configuration is homogeneous if and only if the group is tran- 
sitive; in this case we say that (f2, S) is the scheme of G. A coherent configuration 
on O is called schurian if it is the coherent configuration of 2-orbits of some per- 
mutation group on f2. 

8.4. Algebraic isomorphisms and separability. Two coherent configurations 
(f2,5) and {Q.' ,S') are called algebraically isomorphic if 

(26) 4, = 4',,,, r,s,teS, 

for some bijection (p : S ^ S' , r ^ r' called an algebraic isomorphism from (O, S) 
to {Q',S'). Each isomorphism / from (fi, S*) to {Vl',S') induces in a natural way 
an algebraic isomorphism between these schemes denoted by (p/. The set of all 
isomorphisms inducing the algebraic isomorphism is denoted by Iso(/S', S' , if). In 
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particular, 

lso{S, S,ids) ^ Aut{n,S) 

where ids is the identical mapping on S. A coherent configurations (O, S) is called 
separable if the set Iso(S', S", is non-empty for for each algebraic isomorphism (p. 

8.5. Semiregularity. A coherent configuration (fi, S) is called semiregular if 

(27) \as\ < 1, a e s e S'. 

A semiregular scheme is called regular; regular schemes are exactly thin schemes 
in the sense of [55]. One can see that a coherent configuration (resp. scheme) 
is semiregular (resp. regular) if and only if it is a coherent configuration (resp. 
scheme) of a semiregular (resp. regular) permutation group. The proof of this 
statement as well as the next one can be found in [T5| . 

Theorem 8.1. Any semiregular configuration is schurian and separable. ■ 

8.6. One point extension. Let {ft, S) be a coherent configuration and a e f2. 
Denote by Sa the set of basis relations of the smallest coherent configuration on H. 
such that la e Sa and S C Sa (see [H]). The coherent configuration {Q,Sa) is 
called the a-extension (or a one point extension) of {Q,S). It is easily seen that 

(28) Ant{n, S)a = Aut{n, Sa)- 

Notice that the set as is a union of some fibers of {il, Sa) for all s ^ S, and the 
relation t n (ar x as) belongs to the set Sa for all r,s,t e S. 

Let {il',S') be a coherent configuration and (p : {^,S) (ri',S") an algebraic 
isomorphism. Let a' E fi' and ip : {n,Sa) — > (^j-S'^') be an algebraic isomorphism 
such that 

(29) V(la) = la', ^Pis)Cp(S), seSa, 

where ? is the unique basis relation of (fi, S) that contains s. Then tp is uniquely 
determined by if. We say that ipa,a' ■= ip is the {a, a')-extension (or one point 
extension) of (p. 

8.7. t-condition. The following definition goes back to ^IM p. 70]. Let (fi, S) be a 
coherent configuration. Two sets A, A' <Z D, have the same type with respect to the 
pair (ck,/3) £ $7 x i7 if a, /3 G A n A' and there exists a bijection A A',d ^ S' 
such that a' = a, f3' = P and 

r{Si,S2)=r{d[,d!,), 6^,62 e A. 

Let t > 2 be an integer. The coherent configuration {il, S) satisfies the t-condition 
at a relation s S 5^ if for each k = 2, . . . ,t the number of fc-subsets of of each 
fixed type with respect to the pair (a, /3) e s does not depend on the choice of this 
pair. If the t-condition is satisfied at each s G S, we say that (SI, S) satisfies the 
t-condition. It can be proved that the scheme on n points is schurian if and only if 
it satisfies the t-condition for alH = 2, . . . , n — 1. 
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8.8. Indistinguishing number. Let (O, S) be a scheme. The indistinguishing 
number of a relation s G S is defined to be the number 

tes 

The term goes back to [2j p. 563] where the number n — c{s) with n — \Q\ was called 
the distinguishing number of s. Clearly, c(lf2) = n. The maximum of c(s), s G S'^, 
is called the indistinguishing number of (Cl,S). 

Lemma 8.2. Let (fl, S) be an equivalenced scheme of valency k. Then the arith- 
metical mean of c{s), s £ S'^ , equals k — 1. 

Proof. Set n ^ Then \S*\ = (n - l)/fc and \s\ = nk for aU s G S* . Counting 
the number of il-triples (a,/?, 7) such that r{a,P) = r{a,j) G S"^ by two ways we 
obtain that 

nk c{s) = n{k ~ l)k\S*\ 

s6S# 

whence the required statement follows. ■ 

8.9. Adjacency algebra. Let ($7, S) be a coherent configuration. The set {A{s) : 
s £ S} forms a linear basis of an algebra CS C Matji (C) . It is called the adjacency 
algebra of the coherent configuration {Q,S). From the definition it follows that it 
is closed with respect to the transpose and the Hadamard product. In particular, 
it is semisimple. So by the Wedderburn theorem its standard module <CQ is com- 
pletely reducible. For an irreducible submodule L of Cfi corresponding to a central 
primitive idempotent P of the algebra CS", we set 

(30) Up = dime (L), mp — Tk{P)/np, 

thus nip and Up are the multiplicity and the degree of the corresponding irreducible 
representation of CS. Clearly, 

(31) \n\ = mpup, \s\ = Y< 

P£V Pev 

where V is the set of central primitive idempotents of CS*. The coherent configu- 
ration {fl, S) is called commutative if the algebra CS* is commutative (equivalently, 
Up — 1 for all P). 

Let (ri, 5) be a scheme. It can be proved that rup > Up for all P G P [TT] . 
Besides, for the principal central primitive idempotent Pq — -^J where J is the all 
one matrix, we have TTipp = ^ 1- The corresponding one-dimensional irreducible 
representation of CS* takes A to ti{AA*). In particular, we have 

(32) UrUs = Ycl^ut. 

tes 

We set r* {Po} and (A, B) = tr(AB*) for aU A, P G <CS. 

8.10. Intersection numbers. There is a lot of useful identities for the intersection 
numbers of an arbitrary scheme [55] . One of them is ([5^ , another one is 

(33) ntc*^ = n^c^t = n^c^^ , r,s,t e S. 
We also need the following lemma. 
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Lemma 8.3. Let {fl, S) be a scheme and r, s G S"^ . Then c*,^ < 1 for all t G S if 

and only if rr* D ss* ~ {lo}- 

Proof. We have 

UrUs < UrUs + ^ cl.j.*clg*nt = {rr* , SS*) 

t£{rr'nss*)* 

and the bound is attained if and only if rr* D ss* = {lsi}j where {rr*,ss*) = 
{A{r)A{r*),A{s)A{s*)). Similarly, from ^ it follows that 

{r*s, r*s) = ^(c*. J^Tit > cl,,nt = n^n^ 

and the bound is attained if and only if c*.^ < 1 for all t Cz S. Since (rr*,ss*) = 
{r*s,r*s) we are done. ■ 

8.11. Frobenius groups. In this subsection we recall some well-known group the- 
oretical facts on the Frobenius groups [T8l[26]. A non-regular transitive permutation 
group G < Sym(il) is called a Frobenius group if Ga,[3 — {ido} for all non-equal 
points a, /3 G fl. Any Frobenius group G has a uniquely determined regular normal 
subgroup A called the kernel of G. Therefore G = AK where if is a one point 
stabilizer of G, and GCD(|A|, \K\) = 1. 

Theorem 8.4. Let G < Sym(r2) be a finite non-regular transitive permutation 
group with point stabilizer K and 

xei"-(G) 

the decomposition of the permutation character 6 of G into irreducibles. Then G 
is a Frobenius group if and only if x(l)/mp^ = \K\ for each character x G Irr(G)'^ 
with ^ 0. 

Proof. To prove the necessity suppose that G is a Frobenius group with a com- 
plement K. Then from [181 p.318-319] it follows that given ip G lii{K)'^ the class 
function Xip — "^"^ — </'(l)^' is an irreducible character of G of degree (p(l) and 

(34) p-\K\e'^l+ ^(1)^^ 

where 1 and p are the principal and regular characters of G, and 0' = 9 — 1. Since 
Xip & Irr(G), we have [p,Xv] — Xvi^) — Therefore by p4)) we obtain 

XGlrr(G)\<E. xeIrr(G)# 

where $ = {1} U {xip '■ G lrT{K)'^}. Thus l^l^^^x for each character 

X G Irr(G)# with ^ 0. 

To prove the sufficiency suppose that x(1)/tot^, = \K\ for each non-principal 
character x G Irr(G) with ^ 0. Since = r — 1 where r = | Orb(_ft')| (see 

[H Th. 16.6.14]), we have 

\n\-l= Y X(l)™x= E \K\ml^\K\{r-l). 

XeIrr(G)# x6lrr(G)# 



22 



MIKHAIL MUZYCHUK AND ILYA PONOMARENKO 



Therefore \K\ = (|ri| — l)/(r — 1). Since each non-trivial orbit of K has cardinaUty 
at most \K\ and there are r — 1 orbits, we obtain that each non-trivial iC-orbit has 
cardinality K, that is Ga.p — {idji} whenever a ^ p. m 
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